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Abstract. We discuss the hypergeometric solutions of the quantized Knizhnik-Zamolodchikov 
(qKZ) equation at level zero and show that they give all solutions of the qKZ equation. We 
completely describe linear relations between the hypergeometric solutions and give an interpretation 
of the relations in terms of the quantum group t/^sb) at q — e* 1 !' 1 . 
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1. Introduction 



In this paper we study the hypergeometric solutions of the quantized Knizhnik-Zamolodchikov (qKZ) 
equation at level zero, cf. (2.1) -(2.3). We are going to address two problems. The first one is to show 
that the hypergeometric solutions give all solutions of the qKZ equation. The second one is to describe 
completely linear relations between the hypergeometric solutions, in other words, to say in what cases 
the construction of hypergeometric solutions produces zero solutions of the qKZ equation. 

The qKZ equation (2.1) at level zero for fj, = was introduced in [SI] as equations for form factors 
in the S'[/(2)-invariant Thirring model and a construction of the hypergeometric solutions was given 
therein. A simple counting of dimensions shows that the obtained hypergeometric solutions are not 
linearly independent. Linear relations between the hypergeometric solutions were found later in [S2] as 
a consequence of the deformed Riemann bilinear identity, and it was conjectured that there was no other 
linear relations between the hypergeometric solutions. This conjecture, in particular, implied that all 
solutions of the qKZ equation can be obtained as hypergeometric solutions. 
i^h | For the rational s^-type qKZ equation at generic level the hypergeometric solutions were contsructed 

in [TV], [MV] and it was shown that they exhausted all solutions of the qKZ equation. The general 
construction was adapted to the case of level zero for fi = in [NPT] and Smirnov's solution were 
obtained from it, but completeness of the hypergeometric solutions still remained an open question. 

In this paper we consider the qKZ equation (2.1) at level zero both for \i ^ and fi = . The 
completeness of the hypergeometric solutions in the case /i ^ is claimed in Theorem 4.2, the main 
part of its proof being given by a formula for a determinant of a matrix formed by the hypergeometric 
integrals, see Theorem 5.3, which is analogous to Theorem 5.14 in [TV]. Theorem 4.2 also implies that 
in the case /j ^ the hypergeometric solutions are linearly independent. 

To prove the completeness of the hypergeometric solutions in the case (i = , claimed in Theorem 
4.3, we employ a new differential equation obeyed by the hypergeometric solutions of the qKZ equation, 
see Theorem 6.1. Linear relations between the hypergeometric solutions in the case [i = are described 
in Theorem 4.4, its proof being given in Section 7. In Section 8 we interprete of the relations between 
the hypergeometric solutions in terms of the quantum group U q (s\?) at q — e 7 ™/ 2 . 

The author thanks A.Nakayashiki and F. Smirnov for helpful discussions. The author is grateful to 
the Max-Planck-Institut fur Mathematik in Bonn, where the basic part of the paper had been written, 
for hospitality. 

2. The qKZ equation at level zero 

Let be a nonzero complex number. Let V — Cv + © Cti_ and let R(z) GEnd(I^®V r ) be the 
following i?-matrix: 

z + HP 



R(z) 



z + h 
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where P £ End (V ® V) is the permutation operator. Let 



, 1\ ^ /o 0\ , /I 



" =l ooj' G liuj- a vo- i 

be the Pauli matrices and 

l-cr 3 /0 

H = 



1 

As usual, for any X £ End (V) we set Xi = id ® . . . ® X ® . . . ® id , and similarly, if J? = r ® J"' G 

j-th 

End (V ® V) , then we set 

iL,- = V* id ® . . . ® r ® . . . ® r' ® . . . ® id . 

J ^— ' i-th j-th 

Fix a nonzero complex number p called a step and a complex number /U. We consider the qKZ 
equation for a V® n - valued function . . . , z n ) : 

(2.1) ^(zu...,z m + p,...,z n ) = K m {z 1 ,...,z n )^(z 1 ,...,z n ), m=l,...,n, 



(2.2) K m (zi, . . . , Z n ) = Rm,m-l{Zm - Z m -1 + P) ■ ■ ■ Rm,l(Zm - Zl + p) X 

X CXp ({iU m ) Rm,n {Zm ^n) • • • ^m,m|l( 2 m ^m+l) • 

The number —2 + p/h is called a level of the qKZ equation. The operators K\, . . . , if„ are called the 
qKZ operators. They depend on the parameter /j, only via e M . So without loss of generality we always 
assume that 

< Im n < 2ir . 

n 

Let S a = J2 <n a = ±,3. The operators S±,E 3 define an s[ 2 -actionin V® n . Denote by {V® n ) t 

m—l 

a weight subspace: 

(V® n ) e = {v £ V® n | T?v = (n - 2^)w} , 
which is nontrivial only for I = 0, , . . . , n , and by (y® n y s ™ g the subspace of singular vectors: 

(V® n )f ng = {v £ (V® n ) e | Z+v = 0} , 

which is nontrivial only for 2£ ^ n . For /i = the qXZ operators K\, . . . , JT„ commute with the 
action in 1/®" while for /i ^ they commute only with the action of E 3 . Therefore, the space of 
solutions of the qKZ equation inherits a weight decomposition of the s^-module V® n in general, and 
all the structure of the sl2-module if fj, = . 

In what follows we discuss solutions of the qKZ equation (2.1) taking values in a weight subspace 

(V® n ) e . For (i = we write down only solutions taking values in the subspace of singular vectors 
(y® n ying ^ ^ n other solutions can be obtained from them by the action of E~. 

In this paper we consider the case of the qKZ equation at level zero, that is, all over the paper unless 
otherwise stated we assume that 

(2.3) p = 2ft. 



3. Hypergeometric solutions of the qKZ equation at level zero 

The hypergeometric solutions of the qKZ equation at level zero in the case \x = are discussed in 
detail in [NPT] . The case [i ^ can be considered similarly. For this reason we give here only the 
most essential points of the construction. In general, the hypergeometric solutions of the rational qKZ 
equation are obtained in [TV] . Here we adapt the general construction from [TV] to the case p = 2h . 

For any function f(t\, . . . , te) we set 

Asym/(ii, . . . ,t t ) = ^ sgn(<r) f(t ai , . . . , t„ t ) . 
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Let M be a subset of {1, . . . ,n} such that #M = £. We write M = {mi, . . . ,to^} assuming that 
mi < . . . < m< . Introduce a function % as follows: 



(3.1) w M = AsymgM , 
and define a vector vm & {V® n ) l by the rule: 

. , f + if m M 

(3.2) V M = V El <g> . . . <S> V £ „ , £ m = S ., 

— if to G M 

Let ^ be a space of functions F(t\, . . . ,tf, z\, . . . , z n ) p-periodic in z\, . . . , z n : 

F(ti,...,tf,zi,...,z m + p,...,z n ) = F(ti,...,te;zi,...,z n ), 
and such that the product 

n i 

F(ti,...,U;zi,...,z n ) \[ Y[(l-exp(2ni(t a - z m )/p)) 



m—l a—1 



is an antisymmetric polynomial in the exponentials e 27Tltl ^ p , . . . , ^ %t dv Q f degree less than n in each 
of the variables. Notice that any F £ Tq is a p-periodic function of ti,...,tf. 

F(ti,...,t a + p,...,te;zi,...,z n ) = F(ti, . . . ,tf, zi, . . . , z n ) . 

Denote by Tq l C Tq l a subspace of functions F such that the product 

e n 1 

F(t 1 ,...,t t ;z 1 ,...,z n )exp(-2iriY l t a /p) J| - exp(2ni(t a - z m )/p)) 

a=1 m=l o=l 

is a polynomial in the exponentials e 2 ™*i/p ; . . . j ^ittjp _ 

Remark. Here we defined a minimal space Fq l oi periodic functions required to obtain the hyper- 
geometric solutions of the qKZ equation. In [NPT] a larger space of periodic functions is considered. 
But it is easy to see that it produces the same space of the hypergeometric solutions of the qKZ equation 
(2.1) for fj, = 0. 

Let 4>{t) be the phase function: 



«.)- expert n r((1 



Lemma 3.1. For any e > the phase function <j)(t) has the following asymptotics 

0(t) = (t/p)- n / 2 cxp(pt/p) (l + o(l)) 

as t->oo, £ < I arg (t/p) \ < n — e . 

The statement follows from the Stirling formula. 

n n 

Let C be a simple curve separating the sets \J (z m + h + pZ^o) and (J (z m + pZ^o) , an d going 

m—l m—l 

from —ipco to +ipoo . More precisely, we assume that the curve C admits a smooth parametrization 
p : R — > C such that |p(u)| — > 00 as |w| — ► 00 and 

-7- p(u) — > a± , ± Im(a±/p) > , u — > ±00 , 
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where a± are some complex numbers. In principle, the curve C depends on z\ , . . . , z n , but for generic 
z\ , . . . , z n one can show that there is the required curve which does not change under small variations 

of Zi,...,Z n . 

Denote by I® e (w, W) the following integral: 

(3.3) I® e (w,W) = j [ w(t u ...,te)W(t 1 ,...,t e ) f\ 4>(t a )dt a . 

J a=l 

C l 

We are interested in the integrals I 8I («im,W) where the function wm , #M = £, is defined by (3.1) 
and W G Tq l , and call them the hypergeometric integrals. If < Im u, < 2ir , then the integrand of 
the integral I® 1 {wm ,W) vanishes exponentially if + ... + \tg\ — > oo and the integral is clearly 
convergent. If Im /i = , then the integral I® e (wM, W) is convergent provided that either 2£ < n or 
W G Tq l . In fact, for arbitrary £, wm and W G Tq l the integral I® £ (wm, W) considered as a function 
of n has a finite limit if fi tends from inside the strip < Im \i < 2ir to any point on the boundary 
lines Im \i = and Im fi = 2n except and 2iri . Further, if necessary, the integrals I® 1 {wm, W) 
should be understood in the described regularized sense. Notice that the hypergeometric integrals do 
not depend on a particular choice of the contour C . 

The most essential property of the hypergeometric integrals is described in Propositions 3.2, 3.3. 

Let D be the following operator acting on functions of one variable: 

(3.4) Df(t) = f(t) e"/(t + p) J] . 

3=1 Zj 

that is, 

0(t)D/(t) - 4>(t)f{t)-4>(t+v)f(t + v)- 

Introduce a space T® 1 of rational functions f{t\, . . . , tf, z\, . . . , z n ) such that the product 

n l n £ 

f(t-i,...,tr,z-i,...,z n ) J| J| (t a -z m )Y[ II ( <a - z m-?i-p) 

m— 1 a— 1 m— 1 a— 1 

is a polynomial in ti,...,te of degree less than 2n + 1. Notice that the space T® 1 contains all the 
functions w M , #M =£. The integrals I® e {f, W) for / e and W € are defined similarly to 
the integrals I® e (w M , W) . 

Denote by D a the operator D acting with respect to the variable t a ■ We call functions of the form 

t 

D a f a total differences, if f a G T® 1 for all a = 1, . . . ,£ . 

a=l 

Proposition 3.2. Let Im fj, < 2tt and /i^O. Tien I(D a f, W) = , a = 1, . . . , I , for any f E 

T® 1 and W G ^ g A£ . 

Proposition 3.3. Let fj, = and eiticr W G F q M , 21 < n , or VT G J^ A£ . Tien J(A>/, W) = , a = 1, 
...,£, for any f G .7^ . 

The proof of Propositions 3.2, 3.3 is rather straightforward. 

For any W G T q M define a function vp^zi, . . . , z n ) with values in {V® n ) l as follows: 

(3.5) * W (z l7 . . . , Z n ) = j8 >M, W) V M , 

where the vectors dm are given by (3.2). 

Theorem 3.4. Let ^ Im u. < 2ir and \i ^ . Tien for any W G Tq 1 the function is a solution 
of the qKZ equation (2.1) taking values in (V® n ) e . 
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Theorem 3.5. Let fj, = and cither W 6 T q M , 21 < n, or W e JF g A ^. Tien tic function * w is a 
solution of the qKZ equation (2.1) taking values in (y®")| m9 . 

Corollary 3.6. Let p = , 2£ > n and W E '. Then * w = . 

Proof. The subspace (y®")| m9 is trivial il 21 > n, which implies the claim. □ 

Theorems 3.4 and 3.5 follow from general results on formal integral representations for solutions of 
the qKZ equation, see [R], [V], and Propositions 3.2, 3.3. Details of the proof in the case n = arc 
available in [NPT]. The proof in the case n. ^ is similar. 

Solutions of the qKZ equation are called the hypergeometric solutions. 

4. Completeness of the hypergeometric solutions 

Let us formulate accurately the meaning of completeness of the hypergeometric solutions of the qKZ 
equation. We will use the following compact notation: z — (zi, . . . , z n ) . 

Consider a vector space C™ with coordinates z\,...,z n and a union of hyperplanes IcC": 

D = {z e C™ | Zk — z m + h € pZ , k, m = 1, . . . ,n , k ^ m} , 

called a discriminant. Say that zi,...,z„ are generic if (zi,...,z„) £" D. The complement of the 
discriminant is a natural definition region for solutions of the qKZ equation (2.1). 

Indeed, the qKZ operators K 1 (z), . . . , K n {z) are invertible for generic z , since the i?-matrix R(x) 
is invertible for x ±i. Therefore, for generic z values of a solution \I/ of the qKZ equation (2.1) at 
points of a lattice z + pZ, are uniquely determined by its value ^(z) at the initial point; the initial 
value can be an arbitrary vector in V ® n because for any j,m= 1, . . . , n 

Kj(zi,...,z m + p,.. .,z n )K m (zi, ...,z n ) = K m (zi, ...,zj + p,.. .,z n )Kj{z\, ...,z n ). 

The contour C used in the definition of the hypergeometric integral (3.3) exists for generic z . There- 
fore, if a periodic function W € Tq l is regular in a vicinity of a generic point z , so is the corresponding 
hypergeometric solution of the qKZ equation. Hence, we can formulate completeness of the hyper- 
geometric solutions of the qKZ equation in the following way. 

Theorem 4.1. Let zi, . . . , z n be generic. If < Im yu < 2n and ll ^ , then 
If /i = and 2t < n, then 

Given a point z G C consider a space T q hl {z) of functions in ti,...,tt which have the form W(- ; z) 
for some W G T q A£ . In other words, T^\z) is a space of functions F(t\, . . . , tg) such that the product 

n t 

F(t u ...,t e ) ll JJ(l-exp(27ri(t„-« m )/p)) 

m— 1 a— 1 

is an antisymmetric polynomial in the exponentials e 2,ritl / p , . . . , e 2nlt e/p of degree less than n in each 
of the variables. The space Tq l (z) is finite-dimensional and dim^ A (z) = dim(V®")^ = 
Define the hypergeometric map I z ,e : T^\z) -» iy® n ) l by the rule: 

(4.1) I Xlt W = I® e {wM,W)v M , 

#M=£ 

so that ^w{z) = I z iW(- ; z) , cf. (3.5). Then we write down Theorem 4.1 in terms of the hypergeometric 
map. 

Theorem 4.2. Let fi ^ . Then for generic z\, . . . , z n the hypergeometric map T Zt t : Tq l (z) — > {V® n ) i 
is bijective. 

The proof is given in the next section. 



...,*„) \ WeT q M } = (v® n ) 
..,*,) I ^e^ A£ } - (V® n )f 
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Theorem 4.3. Let fi = . Then for generic z\,...,z n we have im — (y® n y™ 9 . 
The proof is given in Section 6. 

For /i ^ the hypergcometric map J Zi £ has a trivial kernel. So any nonzero periodic function 
W G .7^ produces a nonzero solution , that is, the space of solutions of the qKZ equation (2.1) 
with values in (V® n ) l is isomorphic to the space T q of periodic functions. On the contrary for fi = 
the hypergcometric map I z ^ has a nontrivial kernel, which means that for certain periodic functions 
the corresponding hypergeometric solutions vanish, and we have a problem of describing those periodic 
functions which produces zero solutions of the qKZ equation. 

Introduce the following functions: 

cxp (2iri (t — z m ) /p} + 1 



(4.2) s«(t) = e(t)-i, e(t) = J]; 



1 exp(2m(t - z m )/p) - 1 ' 

EWfet.) - (e( !0 e fe )-i)=f^f^ + e(M-e ((! ). 

exp(27ri(ti - t 2 )/p) + 1 

It is easy to see that G J^ A1 and S^ 2 ' G ^ A2 . Define linear maps 

X<$ : j^'" 1 ^) - ^ A£ (z), X^F{t lt ...,t t ) = A S ym(zW( tl )F(t 2 ,...,t e )), 

x {2) . ^a(/-2) (jk) ^ ^a/ (jb)) j^Ffa,...,*,) - Asym(S( 2 )(i 1 ,i 2 )F(t 3 ,...,i,)). 

They obviously induce linear maps : .f A(£ ~ 1} -> f q Ae and } : T q Ml - 2) -» ^ A£ . 

Theorem 4.4. Let /li = and 2£ ^ n . Then for generic zi,...,z n we have ker = im X^J + 
im . Here we assume by convention that im xjfj =0 for £ < a . 

The proof is given in Section 7. 

The last theorem means that if /i = and a periodic function W has the form W = X < jpW\+X l ^ > W2 
where W\, W2 are some periodic functions in less numbers of variables, then = , and vice versa, 
that is, the space of solutions of the qKZ equation (2.1) at fi = with values in {y® n )f ng is isomorphic 
to the quotient space Tq t /{rmX^p + im l| 2 ') . An interesting question is to see whether there is a 
distinguished subspace in T q l complementary to im x]p+ im xf\ 

Remark. The relation I z jXf}w = was originally discovered by F. Smirnov in [S2] as a consequence 
of the deformed Riemann bilinear identity. In Section 8 we give another interpretation of this relation 
in terms of the representation theory of the quantum group U q (s[2) at q = e 7 ™/ 2 . 

5. Proof of Theorem 4.2 

Recall that we assume p = 2ft, so that z\, . . . , z n are generic if and only if 



Let M be a subset of {l,...,n}, M — {mi < . . . < mi} . Introduce a function Wm(£i, • • • , U; z\, 



. . , z n ) as follows: 



(5.1) W M = AsymG M , 



M[U ■ ■ • ' l) M V exp(2«(t a - z ma )/p) 1 t ^} m eM^(t a - zj)/p) 
cf. (3.1). It is clear that W M G • 



Proposition 5.1. For generic z\,...,z n functions Wm(-,z), #M = I, form a basis in the space 

Proof. First observe that it suffices to prove the statement for i = 1 . For i — 1 the statement is implied 
by Lemma 5.2 after a substitution: u = e 27 "*/ p , x m = y rn = _ e 2 ?"Wp ) m = i ; . . . ; n . □ 

n 

Lemma 5.2. Define a matrix M as follows: ^2 Mji c u k ~ 1 = Q (u — Xi) ) \ (u + yi) . Then 

k—l l^i<j j<i^.n 

detM = j [ {xi + yj). 
The proof is similar to the proof of the Vandermonde determinant. 

Theorem 5.3. Let < Im fi < 2tt and z\, . . . ,z n be generic. Let either fi ^ or 21 ^ n . Then 



dct [l® e (w M ,W N )} 



M,Nd{l,...,n} 

#M=#N=e 



(^r(«- 1 )/ 2 (zr(-l/2))"( e ^-ir /2 exp( M Ez m /p)) l£ - lj [] {zk-z m -h) K <- {) 

m ~ 1 KkmsCn 



Here arg {e» - 1) < 2tt . 

Proof (idea). The proof of the theorem is in common with the proof of Theorem 5.14 in [TV]. Let us 
indicate here only basic points. 

Denote by D(z) the determinant in question and by E(z) the right hand side of the formula to be 
proved. Clearly, it is enough to establish the equality D(z) = E(z) under the assumption < Im /i < 
27r , since both D(z) and E(z) are continuous up to the boundary line Im fi — . 

The determinant D(z) obeys a system of difference equations following from the qKZ equation: 

(t) 

D(z!,.. .,z m + p,...,z n ) = det K m (z 1} . . .,z n )D(z 1 , ...,z n ), m = l,...,n, 

where 

detK = ( TT Zm ~ z l ~ h + P TT Zj-h \ ("_i) 

V . J- }: z m - zj + h + p A A z m - zj + h J 



is a determinant of the restriction of the operator K m to the weight subspace (V® n ) f . This shows that 
the ratio D(z)/E(z) is a p-periodic function of Zi,...,z n (quasiconstant). 

To find this quasiconstant we look at the behaviour of the hypergeometric integrals J®'(«/m,Wjv) 
as Re((z m — z m +i)/p) tends to +oo for all m = 1, ... ,n — 1 and compute the asymptotics of the 
determinant D(z) in this limit. As a result, we obtain that the ratio D(z)/E(z) is a quasiconstant 
which tends to 1 as Re((z m — z m+ \)/p) — > +oo for all m = 1, . . . , n — 1 . Such a quasiconstant 
necesserily equals 1 , which yields the theorem. 

The method to determine the required asymptotics of the hypergeometric integrals as Re((z m — 
z m +i)/p) — * +°° is developed in [TV]. We describe it briefly for the case in question. 

Take a simple curve C going from — ioo to +ioo , separating the sets Z^ and l/2 + Z^ and such 
that | Re it | < 1 for any u € C . For any ieC define C(x) = x + pC . 

It is clear that I® { -(wm,Wn) = t\ I® e (wM, Gn) ■ The integrand of the integral I® 1 (w m ,Gn) has 
poles at hyperplanes t a = Zj + ps , s e Z^ , only f° r 3 ^ n a , and at hyperplanes t a = Zj + h + ps , 
s e Z<j ! only for j ^ n a . Therefore, if Re ((z m — z m+ i)/p) is large positive for any m = 1, . . . , n — 1 , 
then the contour C E in the definition of the integral I® 1 (wmtGn) can be replaced by the contour 
C l (z) — C(z ni ) x ... x C(z ne ) without changing the integral, so we get 

r I 
I® e (w M ,W N ) = / w M (ti,...,te)G N (t 1 ,...,t e ) U 4>(ta)dt a , 

J a=l 

C*{z) 
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cf. (3.3). Substituting into the last integral the explicit expressions for % , Gn and <f>, we observe that 
in the limit Re ((z m — z m+ i)/p) — > +00 , m = 1, . . . , n — 1 , most of the terms of the integrand can be 
replaced by their asymptotics *. As a result, the integral splits into a sum of products of one-dimensional 
integrals. The one-dimensional integrals can be calculated explicitly using the formulae 

(5.2) J e u ^-^T{u-l/2)T{k-u)du = 2TrT{k - 1/2) e*" (e» - lf /2 ~ k , k e Z >0 • 

c 

where ^ arg (e^ 1 — 1) < 2ir . The formulae follow from the formula for the Barnes integral [WW]. 
At last, the leading term of the asymptotics of the integral I® 1 (wm, Wn) takes the form 

exp( M f>„» [] {zj-Zkf ikMN (c MN {e»-l) r ^ + o(l)) 

for a certain coefficient c MN and exponents d i:jMN , r MN , whereof one can see that I® 1 (wm,Wn) = 
o(l m {w N ,W N )) for M ± N . Hence, for the determinant D(z) we have 

D(z) = H I^(wm,Wm) (l + o(l)) 
#M=e 

as Re((z m — z m+ i)/p) — > +00, m = 1, ...,n — 1. The remaining computation which shows that 
D{z)/E(z) — > 1 in this limit is rather straightforward. □ 

Remark. Below we describe a differential equation with respect to /x obeyed by the hypergeometric 
solutions of the qKZ equation, see (6.1). It implies a differential equation with respect to p for the 
determinant det[l® e (u>M, Wn)] , which allows to give another proof of Theorem 5.3 using the differential 
equation and asymptotics of the hypergeometric integrals I® e (u)M, Wn) as Re fi — > ±00 . 

To illustrate the idea let us sketch a proof of formula (5.2). Both sides of the formula satisfy a 
differential equation 

2(e"-l)0 /i /(/i) = (e"-2fc)/0i), 

hence they are proportional. The leading term of asymptotics of the integral in the left hand side as 
Re /I — ► +00 is determined by the rightmost pole of the integrand lying to the left of the integration 
contour; the pole is located at u = 1/2 . The asymptotics of the integral equals 27iT(fc — 1/2) e^/ 2 (l + 
o(l)) and clearly coincides with the asymptotics of the right hand side. Formula (5.2) is proved. 

Theorem 4.2 follows from definition (4.1) of the hypergeometric map, Proposition 5.1 and Theorem 
5.3. 

6. Proof of Theorem 4.3 

Our proof of Theorem 4.3 is based on an additional differential equation which holds for hyper- 
geometric solutions of the qKZ equation. 

Theorem 6.1. Let ^ be a hypergeometric solution of the qKZ equation (2.1), see (3.5). Then 

/ n ft n \ 

(6.1) pd^ = ( E ZmH m + —— (e" EH m + E (e"*fc + * • 

v m=l e 1 m=l l^k<m^n ' 

The proof of the theorem is given in Appendix. The theorem is a particular specialization of a more 
general result about hypergeometric solutions of the qKZ equations and the Knizhnik-Zamolodchikov 
differential equations [FTV]. 

Remark. One can check directly that the equation (6.1) is compatible with the qKZ equation (2.1): 

(6.2) L{z\, z m + p, z n )K m {zi, z n ) = pdf,K m (z 1} z n ) + K m (z 1} z n )L(z 1 , ...,z n ), 
m = 1, . . . , n , where L is the operator in the right hand side of equation (6.1), see Appendix. 



* It is important at this moment that we assume < Im fi < 2n , so the integrand decays exponentially as | ti \ + . . . + 
|**| 00. 
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Let U be a finite-dimensional vector space and A(fi) be an End (J7)-valued function holomorphic in 
a neighbourhood of \i = . Consider a differential equation: 



(6.3) lidp* = A(n)* . 

Set Ao = A(0) . Assume that the operator A is diagonalizable, and let tp £ U be an eigenvector of 
A : A ip = cap. 

Proposition 6.2. There is a solution * of the equation (6.3) which have the form 

OO If; 

-J/ (m) = m"(V> + E £M fc (iog/i) J >i*) 

fc=l j=0 

where = io ^ ii ^ «2 ^ • • ■ are integers such that ik + 1 ^ ik+i for any k ^ and ik = ik+\ f° r 
large k , and tpjk E U . The series is convergent for \x in a punctured neighbourhood of = . 

The proof is an exercise on the analytic theory of differential equations; we leave it to a reader. 

Corollary 6.3. Assume that all nonzero eigenvalues of Aq have positive real parts. Let ^(/i) SEnd(?7) 
be a fundamental solution of the equation (6.3), dot ^(/it) ^= , in a punctured neighbourhood of [i = . 
Then there is a limit vLq = lim ^(/i) and im vJ/ = ker Aq . 

Proof. According to Proposition 6.2 we can start from an eigenbasis of A in U and lift it to a funda- 
mental solution of the equation (6.3). For this fundamental solution the claim of the corollary clearly 
holds. Since two fundamental solutions of the same differential equation differ only by multiplication 
from the right by a nondegenerate constant matrix, the corollary follows. □ 

For the equation (6.1) taking into account that p = 2h and H m = <Jm a m we have 

A Q = iir£+ = - (£ 3 (£ 3 +2) + 4£-£+) --Y?{Y?+2) 
2 8 8 

n 

where E a = ^ cr^ , a = ±, 3 . Since the first term of the last expression is the Casimir operator for 

m— 1 

sl 2 , the operator A restricted to the weight subspace (V® n ) e has the following eigenvalues: 
(n - 2k) (n-2k + 2)-(n- 21) {n-2£ + 2) (£ - k) (n - k - £ + 1) 



k = 0, . . . , min (£, n — I) , which are nonnegative half- integers. Besides, ker A a n (V® n ) e — (y® n ) s ™ 9 . 

Consider the hypergeometric map I z j(p) , cf. (4.1), where we write its dependence of p explicitly 
Theorem 6.1 means that I z j(,a) obeys the equation (6.1), and according to Theorem 4.2 it is a funda- 
mental solution of the equation (6.1) with values in (V® n )p . Hence, by Corollary 6.3 there is a limit 
lim I z e(fi) and im (lim I z e(n,)) = (y^y™ 9 . if 2£ < n , then lim I z .e{p) — I z e(0) , which completes 

ft— >0 ' ij,—>0 ' fi—>0 

the proof of Theorem 4.3. 

Remark. The fact that im T z , e (0) C (V® n ) s e m9 is well known, sec [NPT] for details of its proof. 

7. Proof of Theorem 4.4 

It is known that im X^ 1 } C ker I Zj g , see Lemma 5.3 in [NPT] for details. The proof of the second 
inclusion im X\ ' t C ker I z j is similar, though slightly more complicated, see Appendix. Because of 
Theorem 4.3 what remains to show is 

dim(imjrj| + nnXf}) = dim(V® n )j - dim(F®")f™ 9 = dim Y,~ (V® n ) e _ v 

The second equality is due to the common knowledge: {V® n ) e = (V® n ) s e m9 © Y,~ (V® n ) ^ 

Let £i,...,£ n be the Grassman variables: £,k£,m = — £m£fc for an y k,m = 1, ...,n. Consider 
the group algebra C[£i, . . . , £„] . Set deg£i = ... = deg£„ = 1, and denote by C[£i, . . . , £„] fe the 
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subspace of elements of degree k . By convention, set C[£i, . . . , £„] fc = for k < . Introduce elements 

(7.1) ^ (1) =E6n, ^ (2) = E 

m=l l^.k<m^n 

Consider isomorphisms of vector spaces: 

(7.2) f q Ak (z) - C[Ci,...,C„] fc , ~ ^..-U. 

where M = {mi < . . . < m^} . Under these isomorphisms the operator xjfj translates modulo propor- 
tionality into multiplication by ip^ acting on C[£i, . . . ,£ n ]™_ a ) , because the functions E^ 2 \ cf. 

(4.2) , can be written as follows: 

(7.3) S« = 2 £ W/ {m} , = 4 E ^{fe.m} , 

m=l l^fc<m^n 

the proof beeing given at the end of the section. Here the functions W^m} and W^, m } are given by 
(5.1) for M = {to} and M = {A;, to} , respectively. 

Therefore, the problem is to show that 

(7.4) dim(^ 1 )C[C 1 ,...,C„] ( ,_ 1) + ^ (2) C[6,...,^] (£ _ 2) ) - dim£-0/^Vr 

The cases t = 0, 1 are trivial. The case £ = n = 2 is simple. From now on we assume that t ^ 2 and 
n ^ 3 (recall that I < n). It is easy to see that 

c[£i,...,&] fc - c[^,...,^-i] fe e^cia,...,^-!]^! 

and 

^c^i,....^-!]^! = ^ (1) c[6,...,64-i- 

Set <$? = ^ £,kim- Since y?( 2 ) = + (p^^ n , it is a simple exercise to replace relation (7.4) by 

l^fc<m<n 

dim ¥ >( 1 >C[£i,...,£ n _i] (/ _ 1) + dim£C[£i,...,£ n _i] (< _ 2) = dim-£-(V® n ) e _ v 
Calculating dimensions explicitly, we further reduce the last relation to the following one: 

dim<^C £i,...,£„_i \ (i _ 2) = < 

(t 2) ldimC[a,...,Cn-i] £ if 2£>n 

which another look is 

(7.5) dim<£<C[£i, . . .,£n-i] (< _ 2 ) = min (dim C[£i, . . • , Cn-i] (£ _ 2) , dim C[£i, . . . ,£ n -i] e ) ■ 
Now it is convenient to change the variables. Set 

Ck = Cfc + • • • + £n-fc-l , Cn-fc = 6c+l + • • • + Cn-fe j 1 < fc < n/2 , 

and Cn/2 = if n is even. Then <p = E CkCn-k ■ 

l^fe<n/2 

Denote by Cm and <p the operators of multiplication by £ m and ip , respectively. Introduce the 
Grassman derivations d\, . . . , <9 n _i corresponding to Ci, • • • , Cn-i : 

<9fcl = 0, <9fc C m + Cm d k = 5km , fc, TO = 1, . . . , 71 - 1 . 

Set £) = E dkdn-k ■ Then the operators D, ^ and [£>, ^] constitute an sl 2 action in C[£i, . . . , 

l^fc<ra/2 

C„-i] , and the relation (7.5) follows from the representation theory of s[ 2 . □ 
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Proof of formulae (7.3). Set 

9fe(*) = 17 CXP ^ 2 "^~ z m)/p) + 1 

The first of the formulae (7.3) immcadiatcly results from the equality = Ofc-i + 2W^ . The second 
formula can be proved by induction with respect to n using the same relation. The base of induction is 
n = 1 . In this case the second formula reads = , and is verified straightforwardly. □ 

8. Kernel of the hypergeometric map at [i = and U q (s\2) at q = e 7 ™/ 2 
Consider the quantum group U q {sl2) with generators e, /, k subject to relations 

ke = q 2 ek, kf = q~ 2 fk , [e,f] = - — - , 

q-q 1 

and a coproduct A: 

A(e) = 1 ® e + e <8> k , A(/) = k^ 1 ® f + f <g> 1 , A(fc) = k®k, 

Make the space V into a J7 g (s[2)-module, the generators e, /, fc acting as er+ cr~, g"' 3 , respectively. 
Then the generator / is represented in the J7 g (s[ 2 )-module V® n by the operator F(q) e End(F®") : 

HD = t <r<.. <r<-a-. 

m— 1 

Looking at the limit g -> e"/ 2 define operators F < - 1 \ e End(y® n ) : 



=i 

2 



F < 2 > = - lim = E . . . ^ a - m j 



g^i 1 + <? 



the overall normalization factors being fixed just for the aesthetic reason. There is a faithful represen- 
tation of C[£i, . . . in V®" given by 



(8.1) ^ m ^ (-i) m crl...af n _ 1 o- m , m = 1, . 



the operators F^, F^ 2 ) representing the elements y^ 1 ), </?( 2 ) G C[£i, . . . , £„] , cf. (7.1). This representa- 
tion is equivalent to the left regular representation of C[£i, . . . ,£ n ] with the following intertwiner: 

k 

(8.2) £ mi . . .£ mfe h-> (-i) a_1 »m, 1 < mi < . . . < m k ^ n, 

where M — {mi, . . . ,rrik} and the vector vm is defined by (3.2). In fact, the representation (8.1) is 
the Jordan- Wigner transformation. 

For generic q it is known that dimF(g) (V® n ) k = dim T<~(V® n ) k for any k = 0, . . . , n. Consider a 
subspace lim (F(q) (V® n ) e _ 1 ) , taking the limit in the topology of the corresponding Grassmanian. The 

q—>i 

limit exists because F(q) is holomorphic at q = i . 

The subspace lim (F(q) (V® n ) e _ 1 ) contains both ^(V®")^ and F^\V® n ) t _ 2 . Hence, the 

q >l 

equality (7.4) implies that 



(8.3) lim (F(q) (V® n ) e _ 1 ) = F< 1 >(V® n ) / _ 1 + F^ 2 \V 

Denote by C z the composition of isomorphisms (7.2) and (8.2): 



k 



Cz ■ - V® n , C z : W M (-,z) -> v M 

k=0 
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Under this map the operator Xfj translates modulo proportionality into the operator acting on 

(V® n ), e _, . So, by Theorem 4.4 and relation (8.3) the kernel of the hypergeometric map I Zi e corresponds 

to the limit of the subspace F(q) (V® n ) e _ 1 as q tends to i . 

Appearance of the map C z in the descriptiopn of solutions of the qKZ equation is not accidental. 
Utilizing the general picture developed in [TV], [MV] one can see that for generic step p the space 
of solutions of the qKZ equation (2.1) at \i ^ with values in y®' a is naturally isomorphic to a 
tensor product F ® c V® n of the field of quasiconstants F and the [/^(sl^-niodule V® n desribed at 
the beginning of this section, q being equal to e 7Tlh ^ p . The isomorphism is based on the construction 
of hypergeometric solutions of the qKZ equation and its realization in the case p — 2ft , studied here, is 
the map C z . 

At the same time, for generic step p, the space of solutions of the qKZ equation (2.1) at fi = 
with values in (V® n ) smg is isomorphic to cither F ® c (y® n ) sin9 ' q , where (y® n ) sm9 ' q is a subspace of 
singular vectors with respect to the quantum group U q (si2) , or F ® c (V® n / F(q)V® n ) . These models 
of the space of solutions are equivalent, since V® n = (y® n ) sm9,q q F(q)V® n for generic q . 

The results of this paper means that for p = 2ft, so that q = e" ! / 2 , the second model survives with 
the minimal required modification; namely, the space of solutions of the qKZ equation (2.1) at [i = is 
isomorphic to a tensor product of F and the quotient space 

V® n l lim(F(q)V® n ) = V® n / (F^V® 71 + F {2) V® n ) . 

q — >i 

Unfortunately, the first model does not survive at p — 2ft , at least for even n , because in this case the 
subspaces lim(V® n ) sm9 ' q and lim(F(q)V® n ) intersect nontrivially, and therefore, their sum does not 

q—>i q— »z 

coincide with V® n . 
Appendix 

Proof of Theorem 6.1. Let D be the operator defined by (3.4) and denote by D a the operator D acting 
with respect to the variable t a . The operators D\ , . . . , D n naturally transform under permutations of 
the variables ti,...,tg; in particular, 

Asym(Di/(ti,...,t/)) = ^ sgn^An {f{t ai , . . . , t„ t )) . 

Take a subset N = {ni < . . . < and consider a total difference 

e 

h- 1 Asym(D 1 (g N (t 2 , ...,t e ) J] (ti - * B - &))) , 

a=2 

cf. (3.1). Set n = 0. Given b and m such that 1 ^ b < £, nb-i < m < rib , using Lemma A.l we 
transform this function as follows: 

ft _1 (e^- l)z m w Nu{m} + e^w NU{m} + ^2 ™JVu{ic) + ^ ^2 w Nu{k} - h' 1 ^- 1) Asym(t b g Nu{m} ) . 

k^N k<£N 

For a subset M = {mi < . . . < m^} let us substitute N — M\{m a } , b = a, m = m a into the last 
expression and then take a sum of the results for all a = 1, . . . , £ . The sum equals 

i i 
ft~ 1 (e' i -l) J2 Zm a w M + e^£w M + 2_j w Mu{k}\{ m } + e M 22 w Mu{k}\{ m } - ft~ 1 (e' i -l) J2 f aW M . 

a=1 k(£M k(£M a=1 

meM meM 

k<m k>m 

We denote it by ru ■ 
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The differential equation (6.1) for the hypcrgcomctric solution ^>w , cf. (3.5) of the qKZ equation 
can be written in the following form 

I® e {r M ,W) = for any M, #M = £ . 

The function tm is a total difference by construction, so the claim follows from Proposition 3.2. □ 

Lemma A.l. Let N = {m < . . . < n£_i} be a subset of {1, . . . ,n} . Set n n = 0, ni = n. For any 
b, m such that 1 < b < I , nb-i < m < rib the following relations hold: 



h ^2 W NU{k}(tl, = 
k?N 

= As ym (( n (h-t a -h)- n (h-t a +h) n ^- z ™- h \ x 

^ l<o<6 KoO l<fe<m 1 Zm ' 

n (ti -t a -K) g N (t 2 , ...,te)j ■ 



h ^2 w Nu{k}(ti, ...,*<) = 



X 



k<£N 



4 - % - ^ 

b<a^.£ b<a^.£ m^.k^.n 



Asym ( ( [{ (tx — t a — K) - [[ (ti — 1<, + fi) [J 



x 



x n (*i-*a+^ n fi , ! m ft gw(t 2 ,...,t £ )) . 

The statement is a simple generalization of Lemma 3.5 in [NPT]. 

Proof of formula (6.2). Let /Ti, . . . , K n be products of the qKZ operators: 

K(zi, ...,z n ) = K m {z x + 

Pi ■ ■ ■ i Zm—l ~\~ Pi z rm ■ ■ ■ i z n) ■ ■ ■ K\(z\, ■ ■ ■ , Zn) • 

Then the compatibility conditions (6.2) can be written as follows: 
(A.l) [L(z 1 ,...,z n ),K m (z 1 ,...,z n )] = 0, m=l,...,n. 

The Yang-Baxter equation for the i?-matrix i?(x) implies that 
K m (zi, z n )R 10 (z 1 -u)... Rno{z n - u) exp(-/xif ) = 

= Rm+i,o(z m +i -u) ... R n0 (z n - u) exp(-fj,H )R w (zi - u) . . . R m0 (z m - u)K m (zi, ...,z n ), 
therefore, 

(A.2) [K m (z 1 ,...,z n ),tT (R w (z 1 -u)...R rM (z n -u)exp(-fiH ))] = 0. 

On the other hand the operator L appears in the following expansion: 
tr (i?io(zi - u) . ..R n0 (z n - u) exp(-fiH )) = 

n n n ^ 

= c 00 + u- 1 (c 10 + c n J2 H m ) + u- 2 (c 20 + c 21 J2 H m + c 22 (J2 H m ) + h (e" - 1) L) + 0(u~ 3 ) 

m—1 in—I m—1 

where are C-valued coefficients depending on /x, zi, . . . , z n . Hence, (A.2) entails the required relation 
(A.l). " □ 
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Proof of inclusion im xf\ C kcr I z j . We give here only a very short draft of the proof to point out the 
technical piece of subtlety in this case compared with Lemma 5.3 in [NPT]. 
For brevity we consider the case t = 2 . Set 

exp(27ri(ti - t 2 )/p) + 1 

so that 

s (2) (ti,t 2 ) - F(t 1 ,t 2 )-E(t 1 ,t 2 ) + e{t 1 )-e(t 2 ). 

It turns out that for each term W in the right hand side of the above formula all the hypergeometric 
integrals I® 2 (wm , W) , #M = 2 . For the third and fourth terms the proof of this assertion is like in 
[NPT]. 

For the terms E and F we first have to change the integration variables: t\ = u\ , t 2 = u\ + u 2 ■ 
After that, considering the integration with respect to the variable u\ we can apply arguments like in 
[NPT] to prove vanishing of the hypergeometric integrals I® 2 (wm, E) and I® 2 (wm, F) . Notice that the 
integration contour in the definition of these integarls, cf. (3.3), can be chosen avoiding extra singularities 
of the integrands produced by the term exp(27ri(ti — t 2 )/p) + 1 in the denominators. □ 
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